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ABSTRACT 

Three-Dimensional linear secondary instability is 

investigated for boundary layers with pressure gradient and 

suction in the presence of finite amplitude Tollmien-Schlichting 

(TS) wave. The focus is on principle parametric resonance 

responsible for strong growth of subharmonics in low disturbance 

environment. Calculations are presented for the effect of 

pressure gradients and suction on controlling the onset and 

ampJification of the secondary instability. 
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I. INTRODUCTION 

I n  t h e  s tudy  of boundary-layer con t ro l ,  i t  is w e l l  known t h a t  

s u c t i o n  can completely s t a b i l i z e  a laminar boundary l a y e r  

Laminarizat ion of t h e  flow by suc t ion ,  and subsequent v i scous  

drag reduct ion ,  is t h e  p r i n c i p l e  and t h e  most e f f e c t i v e  mean used 

f o r  laminar flow c o n t r o l  (LFC) [l]. The o v e r a l l  e f f i c i e n c y  of 

an a i r c r a f t  wi th  LFC i s  reduced by t h e  power consumed by s u c t i o n  

systems. Hence, i t  is necessary t o  keep t h e  boundary l a y e r  

laminar  wi th  t h e  least poss ib l e  suc t ion .  To accomplish t h i s  one 

needs t o  : 1) a c c u r a t e l y  c a l c u l a t e  t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  

of t he  flow, 2) understand t h e  laminar t o  tu rbu len t  t r a n s i t i o n  

process ,  3) e v a l u a t e  t h e  e f f e c t  of s u c t i o n  c o n t r o l  on some of 

t h e  e a r l y  s t a g e s  l ead ing  t o  t r a n s i t i o n ,  which is our concern i n  

t h i s  paper.  

Most of t h e  t h e o r e t i c a l  work f o r  LFC has  r e l i e d  on l i n e a r  

primary s t a b i l i t y  theory and t h e  e" method, where a l i m i t e d  

growth of t h e  primary two-dimensional (2D) t r a v e l i n g  d i s tu rbances  

(TS waves) is accepted  such t h a t  t h e  power requierements  are 

minimized and almost a l l  s t a g e s  of t r a n s i t i o n  are avoided. The 

e f f e c t  of s u c t i o n  on t h e  primary TS i n s t a b i l i t y  is w e l l  

e s t a b l i s h e d  and known t o  be d r a s t i c .  This  work has  been 

summerized i n  t h e  r e p o r t  of S a r i c  [ 2 ]  which lists most of t h e  

important  papers  i n  t h e  s u b j e c t .  

2 



Three d imens iona l i ty  is known t o  be a necessary p r e r e q u i s i t e  

f o r  t r a n s i t i o n  [26] . A key three-dimensional ( 3 D )  phenomenon i n  

t h e  e a r l y  s t a g e s  of t r a n s i t i o n  is cha rac t e r i zed  by a s t r o n g  

secondary i n s t a b i l i t y  of 3 D  d i s turbances  i n  t h e  presence of 

f i n i t e  amplitude two-dimensional (2D) primary d is turbances .  

Primary 3D dis turbances  might be s t a b l e  o r  very slowly growing 

I n  t h e  absence of t h e  2D waves. This  secondary i n s t a b i l i t y  has  

been recognized exper imenta l ly  [3-71 i n  t h e  uncont ro l led  

boundary l a y e r ,  and observed numerical ly  i n  t h e  uncont ro l led  

[ 8 , 9 ]  and c o n t r o l l e d  [lo] boundary l aye r s .  Severa l  r o u t e s  t o  

t r a n s i t i o n  i n  boundary l a y e r  have been i d e n t i f i e d .  One r o u t e  is 

cha rac t e r i zed  by subharmonic 3D d is turbances  t h a t  are e x c i t e d  i n  

t h e  boundary l a y e r  a t  very low l e v e l  of t h e  TS amplitude.  

mechanism produces e i t h e r  t h e  resonant  wave i n t e r a c t i o n  p red ic t ed  

by Craik [ll] (C-type), o r  t h e  secondary i n s t a b i l i t y  of Herbert  

[12] (H-type). The o t h e r  r o u t e ,  t h e  so c a l l e d  K-type (o r  peak- 

v a l l e y  s p l i t t i n g ) ,  occurs  as t h e  TS ampli tude exceeds a c e r t a i n  

threshold  value.  This  r ep resen t  t h e  pa th  t o  t r a n s i t i o n  under 

condi t ions  similar t o  Klebanoff e t  a1.[3] .  At s u f f i c i e n t l y  

large amplitude one of t h e  r o u t e s  o r  a mixture of both w i l l  

appear  depending on t h e  d i s tu rbance  background. 

This  

I n  t h i s  paper,  w e  are concerned wi th  t h e  subharmonic 

secondary i n s t a b i l i t y  mechanism as a r o u t e  t o  t r a n s i t i o n  t h a t  

seams t o  be most dangerous i n  low-disturbance environments,  as 

they are found i n  f r e e  f l i g h t .  We i n v e s t i g a t e  t h e  development 
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of a subharmonic secondary i n s t a b i l i t y  i n  a boundary l a y e r  wi th  

pressure  g r a d i e n t s  c o n t r o l l e d  by suc t ion .  Our o b j e c t i v e  i s  t o  

eva lua te  t h e  e f f e c t  of s u c t i o n  c o n t r o l  on t h i s  early s t a g e  

l ead ing  t o  t r a n s i t i o n .  Severa l  ques t ions  need t o  be answered. 

Does s u c t i o n  de lay  t h e  onse t  of t h e  secondary i n s t a b i l i t y ?  How 

s e n s i t i v e  is  t h e  growth of t h e  secondary i n s t a b i l i t y  t o  t h e  

i n t e n s i t y  of suc t ion?  What is  t h e  e f f e c t  of t h e  i n i t i a l  

amplitude of t h e  primary wave on t h i s  s e n s i t i v i t y ?  What i s  t h e  

e f f e c t  of s l i g h t  changes i n  t h e  p re s su re  g rad ien t?  Does t h e  

e f f e c t i v e n e s s  of s u c t i o n  as a method f o r  de lay ing  t r a n s i t i o n  

depend on where i t  i s  app l i ed ,  o r  on i t s  i n t e n s i t y ?  F i n a l l y ,  i f  

t h e  boundary l a y e r  would be kept  laminar with t h e  least  p o s s i b l e  

s u c t i o n ,  then  should one al low f o r  a l i m i t e d  growth of the 

primary wave, o r  should one i n c r e a s e  s u c t i o n  t o  f u l l y  s t a b i l i z e  

t h e  primary wave?. 

11. PRIMARY INSTABILITY 

We cons ider  a 2D boundary-layer flow of an  incompressible  

f l u i d  with i n v i s c i d  flow f i e l d  given by U = U(x) and d i s t r i b u t e d  

s u c t i o n  given by v = vw(x> a t  t h e  w a l l ,  where x is  t h e  streamwise 

d i r e c t i o n  and y i s  t h e  v e r t i c a l  d i r e c t i o n .  The flow i s  governed 

by t h e  nonsimilar  boundary-layer equat ion ,  

A 2 A 

f + f f T l  +A 1- fq  1 - y f f l  = 2 J (  f 7  fJ7 - ff  f77 1 777 
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with boundary conditions, 

given in Gartler variables, 

Then the velocity components u and v in terms of the new variables 

are, 

(5) 

If both the suction and pressure gradient functions are constant 

( equal to fo and respectively), then f( ,q ) is a function 

of 7 only and we have a similar boundary layer governed by, 

A 

where the condition y ( 5  ) = constant demands that vw be 

proportional to U, / fis . For the case of flat plate vw 

is proportional to I/ (x. 
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Stability calculations were carried out for similar suction 

%= constant and similar pressure gradient A = constant using 

the similar equations (8)-(9), and for constant continuous 

suction vw(i)  = SL (given by equation ( 6 ) )  using the nonsimilar 

equations (1)-(2). Negative v, and negative SL indicate 

suction, while negative be indicates unfavorable pressure 

gradient. Equations ( 8 ) - ( 9 )  were numerically integrated using 

a shooting technique with a Kunge-Kutta integrator, while 

equations (1)-(2) were solved using a second-order finite 

difference technique. The mean-flow results were scaled to 

conform with the way stability equations were 

nondimensionalized. 

Now we consider the primary instability of the calculated mean 

flow with respect to 2D quasi-parallel spatially growing TS 

disturbances. Squire's theorem implies that the critical 

disturbance is 2D. Dimensionless quantities are introduced by 

using the reference velocity Ue and the referece length 

L = ( a x  / U,) ,so that Reynolds number is given by 
' /Z  

'12 
R = ( U,x /a) , where x measures the distance from the leading 

edge of the plate, and& is the fluid kinematic viscosity. 

At sufficiently large distance from the leading edge, primary 

instability of the laminar flow occurs with respect to TS 

These disturbances take the travelling wave form, disturbances. 
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where for the spatial stability analysis ot is a complex 

wavenumber given by o( =Nr+ io([ and 0 is a real disturbance 

frequency, and C.C. denotes complex conjugate terms. The 

eigensolutions u,v,and p are governed by a fourth-order system 

of equations that is given in the Appendix. This system is 

numerically integrated as initial value problem using a 

combination of shooting [13] and Newton-Raphson iteration 

technique that employs a Gram-Schmidt orthonormalization 

procedure. 

The linear stability theory of primary instability providesot 

for a giveno and K. Then the integration of the growth rate 

-Mi gives the amplification factor (or the amplitude ratio), 

R 

(11) In ( A / A, ) = -2 Joq dR 

Ro? 

where A, is an arbitrary initial amplitude of the primary 

instability at R (R where the onset of the primary wave) . 
The eigensolutions may be normalized such that A measures 

O f  

directly the maximum r.m.s. value of the streamwise disturbance, 

that is 
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Since  t h e  primary i n s t a b i l i t y  of boundary - layer  flows is  induced 

by v i s c o s i t y ,  t h e  growth rates and ampl i f i ca t ion  f a c t o r s  h e r e  

are t y p i c a l l y  very small compared t o  t h e  convect ive l eng th  

scale. 

111. SECONDARY SUBHARMONIC INSTABILITY 

The bas i c  s ta te  under cons ide ra t ion  i s  t h e  c a l c u l a t e d  2D flow 

s u c t i o n  and p res su re  g rad ien t  a t  f i n i t e  ampli tude A of t h e  with 

primary TS wave, t h a t  is  

Where 

A = A. exp(-lo(;dx), assumed cons t an t ,  and 

8 =(Nrdx -3 t  

We cons ider  t h e  3D quas i -pa ra l l e l  s p a t i a l  subharmonic 

i n s t a b i l i t y  of t h e  b a s i c  flow given by (13). The f i n i t e  

ampli tude primary wave acts as a paramet r ic  e x i t a t i o n  on t h e  

secondary i n s t a b i l i t y .  Following t h e  a n a l y s i s  of Herbert  [12,14] 

and Nayfeh [15], w e  apply Floquet  theory and express  t h e  

secondary wave us ing  t h e  normal mode concept ,  
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(14)  h 

ws = exp(JY dx)w(y) exp(+ i e  sinP z + c.c. 

where / is a spanwise real wavenumber, and = yr + i’d; is a 
characteristic exponent. The spatial growth rate of the 

secondary wave is given by yf, while % can be interpreted as a 
shift in the streamwise wavenumber. In our calculations, we 

consider only the case of Yi = 0, that is the secondary wave is 

perfectly synchronized with the basic state. 

The secondary wave (14)  is superposed on the basic state (13)  

and the result is substituted into the dimensionless 

Navier-Stokes equations. The meam flow plus the 2D TS 

quantities are substracted, and the resulting equations are 

linearized in the secondary disturbances. Then one obtains an 

eigenvalue problem that can be written as six first-order system 

of ordinary differential equations in the form, 
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where ( ) i n d i c a t e s  a complex conjugate  q u a n t i t y ,  D=d/dy, 

A h z, = u Z t  3 DU 
A z 3  = v 

n h A 
24 = P z5 = w Z6 = DW , 

and t h e  boundary cond i t ions  are 

z ,  = z g  = z5 = 0 a t  y= 0 

Z ,  , Z 3 ,  Z5 -P 0 as y + m  

When A=O,the system of equat ions  (15)-(21) govern a primary 

subhamonic wave.For A#O, t h i s  system was numerical ly  i n t e g r a t e d  

as i n i t i a l  va lue  problem from y = ye (edge of t h e  boundary 

l a y e r )  t o  t h e  w a l l .  The e igenvalue  sea rch  used a 
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Newton-Raphson i t e r a t i o n  technique t o  s a t i s f y  t h e  last boundary 

cond i t ion  a t  t h e  w a l l .  A w e l l  t e s t e d  code SUPORT [13] is  used 

which is  coupled wi th  an  or thonormal iza t ion  test based on t h e  

modef i e d  Gram-Schmidt procedure t o  overcome t h e  s t i f f n e s s  of 

t h e  i n t e g r a t e d  system of equat ions.  For more d e t a i l s  on t h e  

numerical  procedure,  t h e  r eade r  is  r e f e r e d  t o  El-Hady [16]. 

The l i n e a r  s t a b i l i t y  theory of t h e  secondary i n s t a b i l i t y  

provides  f f o r  a given b a n d  R. Then t h e  i n t e g r a t i o n  of t h e  

growth rate $- gives  t h e  a m p l i f i c a t i o n  f a c t o r ,  

R 

ROS 

(22) I n  ( B / Bo) = 2 / y y  dR 

where Bo is  an  a r b i t r a r y  i n i t i a l  ampli tude of t h e  secondary 

i n s t a b i l i t y  

Since t h e  secondary subharmonic 

a t  RoS (R where t h e  onse t  of t h e  secondary wave) . 
i n s t a b i l i t y  o r i g i n a t e s  from a 

s t r o n g  mechanism of combined t i l t i n g  and s t r e t c h i n g  of t h e  

v o r t i c e s  [18], t h e  growth rates and a m p l i f i c a t i o n  f a c t o r s  he re  

are l a r g e  and occur  on a convec t ive  l e n g t h  scale. 

IV. RESULTS AND DISCUSSION 

For t h e  case of no s u c t i o n  and ze ro  p re s su re  g r a d i e n t ,  our 

r e s u l t s  are i n  f u l l  agreement wi th  those  obta ined  by Herbert  e t  

a l . [14 ]  and by Nayfeh and Ragab [ 1 7 ] .  The f i r s t  a u t h e r s  used 

s p e c t r a l  c o l l e c a t i o n  methods t o  solve both t h e  primary and 
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secondary s t a b i l i t y  problems,while t h e  o t h e r s  used a numerical  

technique similar t o  what is being used i n  t h i s  paper.  

Resu l t s  are presented i n  t h i s  s e c t i o n  t o  show t h e  e f f e c t  of 

similar s u c t i o n  parameter yo, cont inuous s u c t i o n  SL , and similar 

p res su re  g rad ien t  parameter on t h e  development of t h e  

subharmonic secondary i n s t a b i l i t y .  A l l  r e s u l t s  r epor t ed  he re  are 

f o r  t h e  nondimensional frequency F = / R = 60 x 10 , t h a t  
-6 

remains f i x e d  as a wave of f i x e d  phys ica l  frequency t r a v e l s  

downstream. I n  t h e  p re sen t  a n a l y s i s ,  w e  l i m i t e d  our 

c a l c u l a t i o n s  t o  a s p e s i f i c  frequency and t o  small s u c t i o n  and 

p res su re  g rad ien t  parameters.  This  w a s  done t o  s a t i s f y  t h e  

assumptions t h a t  are inhe ren t  i n  t h e  approximate theory  of 

l i n e a r  secondary i n s t a b i l i t y ,  namely t h e  p e r i o d i c i t y  of t h e  

bas i c  s ta te  and t h e  weak v a r i a t i o n  of t h e  TS amplitude.  We 

no te  t h a t  h igher  f requences and h ighe r  s u c t i o n  rates w i l l  

i n c r e a s e  nonpa ra l l e l  e f f e c t s ,  v i o l a t i n g  t h e  p e r i o d i c i t y  

assumption of t h e  b a s i c  state. While lower f requences and 

h igher  unfavorable  p re s su re  g r a d i e n t s  w i l l  i n c r e a s e  t h e  

v a r i a t i o n  of t h e  TS ampli tude i n  t h e  uns t ab le  range, v i o l a t i n g  

t h e  second assumption. 

- c  
A t  F=60r(10 , a primary i n s t a b i l i t y  grows between R o P  = 554 

and K,? = 1052 ( f i r s t  and second n e u t r a l  po in t s ) ,  reaching  a 

maximum a m p l i f i c a t i o n  f a c t o r  of A/A, = 41.679 f o r  B las ius  flow 

( do = 0 , 1, = 0). A broad band of spanwise wavenumbers of 
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primary 3D subharmonic waves are s u b j e c t  t o  a m p l i f i c a t i o n  i n  t h i s  

r eg ion ,  but t h e  time and l e n g t h  scales of t h i s  i n s t a b i l i t y  is so 

small t o  bear any resemblance t o  experimental ly  observed 

t r a n s i t i o n .  A s t r o n g  growth of subharmonic d i s tu rbance  can be 

due t o  pa rame t r i ca l  e x i t a t i o n  by t h e  f i n i t e  amplitude TS wave 

1251 

4.a E f f e c t  of s u c t i o n  

A t  Rz1050, growth rates of t h e  secondary i n s t a b i l i t y  is  

shown i n  f i g u r e s  1 and 2 as f u n c t i o n  of t h e  spanwise wavenumber 
3 

b = 10 b / R,  f o r  va r ious  amplitudes A of t h e  primary wave. 

Figure 1 shows r e s u l t s  f o r  B las ius  flow, while  f i g u r e  2 shows 

r e s u l t s  f o r  t=-.l, 4 1.0. These f i g u r e s  i l l u s t r a t e  f i r s t  of 

a l l  t h e  d e s t a b i l i z i n g  e f f e c t  of A a t  f i x e d  F and K. Second, a t  

very small amplitudes,  cons ide rab le  growth rates exist  i n  a 

small band of wavenumbers , t h a t  extends t o  l a r g e r  values  as 

s h i f t s  t h e  amplitude inc reases .  Third,  t h e  maximum growth 

s l i g h t l y  t o  occur  a t  higher  b as the  amplitude A i n c r e a s e s .  

Fourth,  small s u c t i o n  rates has s t r o n g  s t a b i l i z i n g  e f f e c t  on t h e  

subharmonic secondary i n s t a b i l i t y .  A s  R i n c r e a s e s ,  a similar 

i n c r e a s e  i n  t h e  growth rates e x i s t  a t  f i x e d  F and A . 
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A t  R = 1050, f i g u r e  3 shows t h e  e f f e c t  of var ious  s u c t i o n  

rates on t h e  secondary growth f o r  A =.01. Inc reas ing  

s u c t i o n  a t  f i x e d  R and A decreases  t h e  growth rate of t h e  

subharmonic i n s t a b i l i t y  and limit t h e  band of dangerous 

spanwise wavenumbers . The wavenumber of maximum growth rate 

is  b = .17 and is  not  a f f e c t e d  by suc t ion .  

By spec i fy ing  t h e  i n i t i a l  ampli tude of t h e  primary, say 

Ao=.OO1, we  can combine t h e  e f f e c t  of i n c r e a s i n g  amplitude A and 

i n c r e a s i n g  R f o r  var ious  s u c t i o n  rates a t  f i x e d  F. For 

comparison purposes,  t h e  a m p l i f i c a t i o n  f a c t o r  of t h e  subharmonic 

i s  c a l c u l a t e d  us ing  equat ion  (22)  from R,, t o  any R. A l l  

r e s u l t s  shown he re  are f o r  spanwise wavenumber b=.15 which is a n  

avarage va lue  f o r  wavenumbers of maximum growth a t  var ious  A . 
Figure 4 shows t h e  v a r i a t i o n  of growth rates \/ref t h e  

secondary wave wi th  R f o r  va r ious  s u c t i o n  rates, while  f i g u r e  5 

shows t h e i r  a m p l i f i c a t i o n  f a c t o r s .  The growth rates -“i and 

a m p l i f i c a t i o n  f a c t o r s  of t h e  primary wave ( I n  A/A,) are a l s o  

shown i n  t h e s e  f i g u r e s  and i n d i c a t e d  by d o t t e d  curves.  

I n i t i a l l y ,  t h e  primary i n s t a b i l i t y  sets i n  a t  R 

then  

and - M i  grows, 

t h e  secondary subharmonic i n s t a b i l i t y  sets i n  a t  R,, and 

starts t o  grow s t r o n g l y  due t o  t h e  i n c r e a s e  i n  A wi th  

inc reas ing  R. U l t imi t ly ,  - M i  decays,  while  & reaches  a 

maximum a t  a l o c a t i o n  where t h e  ampli tude of t h e  primary starts 

t o  decrease.  Small s u c t i o n  rates a t  f i x e d  A de lays  t h e  o n s e t  

of t h e  subharmonic secondary i n s t a b i l i t y  , and decreases  

“P 
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significantly its growth rate as well as its amplification 

factor. Figure 5 shows a reduction of the amplification factor 

of the secondary wave (In B/B,) from nearly 28 to 8 due to an 

increase in % from 0 to -.05. Increasing suction rate to -.1 

dampen completely the subharmonic instability, although the 

primary shows some growth. This indicates that the onset of the 

subharmonic instability requires that the primary amplitude 

exceeds a threshold value. Notice that this threshold value 

depends on Reynolds number, it decreases as R increases. For 

example, for yo = 0 the onset of the subharmonic secondary 

instability is at R=740 with a threshold amplitude A = .0029, 

while for = -.05, the onset of the subharmonic secondary 

instability is at R=850 with a threshold amplitude A = .0024. 

For yo = -.1, the primary amplitude reaches a maximum of only 

-0014 which apparantly is below the value needed to induce 

secondary subharmonic instability at R > 850. 

The onset of the subharmonic secondary instability as well as 

the maximum amplification factor it reaches arealso dependent 

on the initial amplitude Ao. Figure 6 ,a case of suction rate 

f0=-.05, shows a primary instability that sets in at R = 650- 

The onset of the subharmonic instability occurs at K = 850 for 

Ao=.OO1, at R = 775 for Ao=.002, and at R = 635 for Ae= .0066 

(well before the onset of the primary) . The amplification 

factor reaches a value of 8,14.5, and 30 respectively. When the 

initial amplitude A, is large enough, the initial instability 
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can  be so s t r o n g  and secondary i n s t a b i l i t y  occurs  d i r e c t l y  

by-passing t h e  u s u a l  growth of t h e  linear primary i n s t a b i l i t y .  

This  phenomenon has  been documented i n  cases of roughness and 

h igh  f r ees t r eam turbulence .  I n  a s i t u a t i o n  l i k e  t h i s  t h e  flow 

quickly  becomes tu rbu len t  1231 and t r a n s i t i o n  p r e d i c t i o n  schemes 

based on l i n e a r  primary theory  f a i l  completely.  

F igure  7 shows the e f f e c t  of s u c t i o n  on t h e  subharmonic 

i n s t a b i l i t y  a t  var ious  i n i t i a l  amplitude of t he  primary The 

maximum of I n  B/B, i s  used as a b a s i s  f o r  comparison . The 

e f f e c t  of s u c t i o n  on t h e  primary is  a l s o  shown i n  t h e  f i g u r e  and 

i n d i c a t e d  by t h e  do t t ed  curve. The f i g u r e  sugges ts  t h a t  

secondary subharmonic i n s t a b i l i t y  is very s e n s e t i v e  to and can 

be c o n t r o l l e d  by s l i g h t  s u c t i o n  rates. 

The onse t  of t h e  subharmonic secondary i n s t a b i l i t y  is  one 

important  f e a t u r e  of t h e  t r a n s i t i o n  process .  For LFC purposes,  

one might t r y  t o  avoid o r  de lay  t h i s  i n s t a b i l i t y  by us ing  

suc t ion .  Then, one f a c e s  t h e  ques t ion  whether s u c t i o n  should be 

app l i ed  be fo re  o r  a f t e r  t h e  onse t  of t h e  secondary i n s t a b i l i t y .  

To answer t h i s ,  we  take Blas ius  case as a b a s i s  f o r  comparison 

where KO?= 554, * 1052, ROS= 740, R I S =  1250, and maximum I n  

B/B, = 28 .5 .  

was app l i ed  s t a r t i n g  a t  R = 554 (Kop  f o r  B las ius  flow).  As a 

r e s u l t ,  t h e  onse t  of t h e  subharmonic i n s t a b i l i t y  is delayed t o  

R = 800 and cont inuous t o  R =1245. reaching maximum I n  B/B, 

Continuous s u c t i o n  SL =-.035( =-.05 a t  R = 1000) 
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= 12.5. When continuous s u c t i o n  wi th  t h e  same l e v e l  SL =-.035 

was delayed and app l i ed  a t  R = 740 ( K o S  f o r  Blas ius  case), t h e  

onse t  of t h e  secondary i n s t a b i l i t y  was almost no t  a f f e c t e d ,  i t  

occurs  a t  R = 750 but t h e  maximum of I n  B/B, reaches  18.5. 

Doubling t h e  s u c t i o n  l e v e l  SL =-.070 ( ye =-.1 a t  R = 1000) t h a t  

begins a t  K = 740 shows no e f f e c t  on de lay ing  t h e  onse t  of 

secondary I n  B/B, down to 

10. 

i n s t a b i l i t y  but  b r ing  t h e  maximum of 

Two f a c t o r s  can a f f e c t  t h e  aforementioned behavior  of t h e  

subharmonic i n s t a b i l i t y  , t h e  i n i t i a l  ampli tude A, of t h e  primary 

and i t s  evolu t ion .  The f i r s t  f a c t o r  is  h e l d  f i x e d  i n  t h e  

prev ious  

To exp la in  t h e  e f f e c t  of t h e  evo lu t ion  of t h e  primary 

amplitude,we inc luded  t h e  a m p l i f i c a t i o n  f a c t o r  curves  of t h e  

comparison, i ts  e f f e c t  is  given before  i n  f i g u r e  6 

primary ampli tude (do t t ed  curves)  i n  f i g u r e  8 toge the r  wi th  

those  of t h e  secondary i n s t a b i l i t y  f o r  t h e  of orementioned 

cases.The f i g u r e  i n d i c a t e s  t h a t  continuous s u c t i o n  r e s u l t e d  i n  

de lay ing  t h e  onse t  of t h e  primary i n s t a b i l i t y  a l lowing  t h e  

primary wave t o  travel f u r t h e r  downstream such t h a t  i t s  

amplitude w i l l  r each  a th re sho ld  va lue  needed t o  induce a 

secondary subharmonic i n s t a b i l i t y  . While i n  cases where 

s u c t i o n  s t a r t e d  a t  R = 740, t h e  primary i n s t a b i l i t y  was n o t  

delayed but  i ts  a m p l i f i c a t i o n  f a c t o r  i s  only enhanced by 

apply ing  suc t ion ,  r e s u l t i n g  i n  reduced primary and hence 

reduced secondary a m p l i f i c a t i o n  f a c t o r s .  These c a l c u l a t i o n s  
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show t h a t  s u c t i o n  should be app l i ed  f u r t h e r  upstream 

t o  c o n t r o l  t h e  development of t h e  primary amplitude 

near  t h e  onse t  of t h e  secondary i n s t a b i l i t y .  

conc lus ions  were reached by Reed and Nayfeh [19] and 

near  Roe 

and n o t  

S imi l a r  

by S a r i c  

and Reed 1201 i n v e s t i g a t i n g  t h e  e f f e c t  of s u c t i o n  on primary TS 

waves, t h a t  s u c t i o n  should be concent ra ted  n o t  i n  t h e  reg ion  of 

maximum growth but  near  R . 

4.b E f f e c t  of s u c t i o n  and p res su re  g r a d i e n t s  

A t  R = 1050, t h e  growth rate yr of t h e  secondary subharmonic 

i n s t a b i l i t y  as f u n c t i o n  of t h e  spanwise wavenumber b=lO f /R f o r  

va r ious  ampli tudes A of t h e  primary e x h i b i t s  t h e  same f e a t u r e s  

given before  i n  f i g u r e s  1 and 2 .  As a n  example, f i g u r e  9 

shows a case f o r  \/o=-.l and 4=- .04 ,  t h a t  i l l u s t r a t e s  a g a i n  t h e  

d e s t a b i l i z i n g  e f f e c t  of A a t  f i x e d  F and R. Notice t h a t  

=-.1 has a s t a b i l i z i n g  e f f e c t ,  whi le  --.04 has a 

e f f e c t  on t h e  secondary i n s t a b i l i t y .  

3 

d e s t a b i l i z i n g  

F igures  10 and 11 show t h e  e f f e c t  of pres su re  g r a d i e n t s  a lone  

on t h e  growth rates and a m p l i f i c a t i o n  f a c t o r s  of t h e  subharmonic 

i n s t a b i l i t y  when combine t h e  e f f e c t  of i nc reas ing  A and 

i n c r e a s i n g  K a t  f i x e d  F. Also inc luded  i n  t h e  f i g u r e  (do t t ed  

curves)  t h e  primary i n s t a b i l i t y  f o r  comparison. These 

c a l c u l a t i o n s  are f o r  A,=.OOl and b =.15. Curve b f o r  180 = -.02 
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reaches  a va lue  of maximum I n  B/B,= 57, whi le  curve c f o r  

A =  -.04 is es t imated  t o  reach  a va lue  of 80. The f i g u r e  

i n d i c a t e s  t h a t  small unfavorable  p re s su re  g r a d i e n t  is s t r o n g l y  

d e s t a b i l i z i n g .  S imi l a r  r e s u l t s  were given by B e r t o l o t t i  [24] 

s tudying  t h e  secondary i n s t a b i l i t y  of Falkner-Skan flows. 

F igures  10 and 11 a l s o  show t h a t  p re s su re  g r a d i e n t s  produce 

small changes i n  R,, but  l a r g e  changes i n  t h e  maximum of I n  (B/L3e). 

A s i m i l a r  conclus ion  was reached by Saric and Nayfeh [21] 

f o r  t h e  primary 2D i n s t a b i l i t y .  

F igures  12 and 13 show t h e  e f f e c t  of both s u c t i o n  and 

p res su re  g r a d i e n t s  on \/r and I n  B/B, a t  f i x e d  F u s i n g  A, =.001 

and b =.15. The f i g u r e  i l l u s t r a t e s  t h e  s e n s i t i v i t y  of t h e  

secondary subharmonic i n s t a b i l i t y  t o  small s u c t i o n  and p res su re  

g rad ien t s .  Comparing wi th  f i g u r e  11, w e  f i n d  t h a t  maximum I n  

(B/B,  ) goes from 80 f o r  yo= 0, =-.04 t o  9 f o r  yo = -.1, = 

-.04. 

F igure  1 4  shows t h e  e f f e c t  of s u c t i o n  and p res su re  g r a d i e n t  

on t h e  secondary subharmonic i n s t a b i l i t y  us ing  maximum In B/B, 

as a b a s i s  f o r  comparison. The primary i n i t i a l  ampli tude f o r  

t h e s e  c a l c u l a t i o n s  i s  A;: .001 and t h e  spanwise wavenumber 

b = .15. Inc reas ing  A, w i l l  have a d e s t a b i l i z i n g  e f f e c t  t h a t  

can be i n f e r e d  from Fig.7. 
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V. CONCLUDING REMARKS 

Previous calculations show that stabilization of the boundary 

layer by active means ( suction) or by passive means ( 

modifying pressure gradients) or by a combination is a very 

sensetive process. Weak suction rates produce strong 

stabilizing effect on the subharmonic secondary instability 

(decrease growth rates ,amplification factors and limit the band 

of dangerous spanwise wavenumbers). While weak unfavorable 

pressure gradients produce strong destabilizing effect on the 

subharmonic secondary instability. 

The onset of the subharmonic secondary instability requires 

that the primary amplitude exeeds a threshold value. This value 

is Reynolds number dependent, it decreases as Reynolds number 

increases. 

When the initial amplitude of the primary is large enough, 

the initial instability can be so strong and secondary 

instability may occur directly by-passing the usual growth of 

the linear primary instability. 

For laminar flow control purposes , suction should be applied 
near the onset of the primary instability to control the 

evolution of the primary amplitude and not near the onset of the 

secondary instability . 
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Recent progress  i n  understanding secondary i n s t a b i l i t i e s  may 

prompt modi f ica t ions  t o  t r a n s i t i o n  p r e d i c t i o n  schemes t o  rely on 

a secondary i n s t a b i l i t y  theory i n s t e a d  of t h e  primary i n s t a b i l i t y  

theory.  A modefied e c r i t e r i o n  can be reached t h a t  envolve t h e  

amplitude of t h e  primary d i s tu rbance  o r  a measure of t h e  

background d is turbance .  But t h e  means by which f r eas t r eam 

dis turbances  e n t e r  t h e  boundary l a y e r  ( r e c e p t i v i t y  

problem [ 2 2 ] )  w i l l  remain t h e  key f o r  any t r a n s i t i o n  p r e d i c t i o n  

method. 
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APPENDIX 

The primary 2D eigenvalue problem can be written as, 

DX, X z  

z 
DXz= [ i R ( w  U - b J )  + #  ] X, + R DU X 3 +  i o C  R X4 

with boundary conditions 

X, = X 3 =  0 at y = 0 

where 

X, = u  , X z = D u  , X 3 = v  , X q = p  

i 
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Figure 1 Effect of the amplitude A of the primary on the 

subharmonic secondary growth for  zero pressure gradient and no 

suction. a )  A m.01, b) A r.008, c) A 1.005,  d) A p.002. 
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Figure 2 Effect of t h e  amplitude A of the primary on the 

subharmonic secondary growth for yo =-*l, and le =O. 
a )  A 1.01, b )  A 5.006, c )  A p.004, d )  A =.002. 
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Figure 3 Effect of suction parameter y,, on the subharmonic 

secondary growth for a primary amplitude A 3-01. 

a )  =0., b )  y,, =-.05, c )  L', =-.l. 

30 



F 

Figure 4 Effect of suction parameter y, on the primary and 

secondary growth rates. The primary initial amplitude A,=.001. 

a) yo SO., b) y0=-.05, c) yo -.1. 
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Figure 5 Effect of suction parameter ye on the primary and 

secondary amplification factors. The primary initial amplitude 

A,=.001. a) (=O., b) =-.05, c) yo =-.l. 
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Fiqure 6 Effect  of the i n i t i a l  amplitude A, of the primary on 

the onset and amplif icat ion fac tors  of the subharmonic 

secondary i n s t a b i l i t y  at suct ion ra te  =-.05. a )  A, =.001, 
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Figure 9 Effect of the amplitude A of the primary on 

the subharmonic secondary growth for \(o =-.01, /% =-.04. 

a) A p.01, b) A p.008, c )  A =.004, d) A =.002. 
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Figure 10 Effect of pressure gradient parameter 4 on the 

primary and subharmonic secondary growth ra tes .  The primary 

i n i t i a l  amplitude A,=.001. a) PO., b) 4 0-.02, c ) k  =-.04.' 
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Figure 11 Effect of pressure gradient parameter 4 on the 

primary and subharmonic secondary amplification factors .  The 

primary i n i t i a l  amplitude A,=.001. a )  PO., b) /s. =-.02, 

c )  1-.04. 
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Figure 12 Effect of suction and pressure gradient parameters on 
i 

the primary and subharmonic secondary growth rates .  The 

primary i n i t i a l  amplitude Ao=. 001 a) Y,,=o. P, =o., 

b ) t = - - l s  e = O - s  c ) % = - - l ,  4=-.02, d ) ) / O = - . l , d  =-.04. 
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Figure 13 Effect of suction and pressure gradient parameters on 

the primary and subharmonic secondary amplification factors .  

Same conditions as i n  Fig. 12 
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